ABSTRACT. Planar basin boundaries of iterated homeomorphisms induce homeomorphisms on prime ends. When the basin is connected, simply connected, and has a compact connected boundary, the space of prime ends is a topological circle. If the induced homeomorphism on prime ends has rational rotation number, the basin boundary contains periodic orbits. Several questions as to basin boundary periodics, decomposability, and minimality, when the induced map on prime ends has irrational rotation number, are answered by construction of both homeomorphisms and diffeomorphisms. Examples in the literature of basin boundaries with interesting prime end dynamics have been sparse. Prime end dynamics has drawn recent interest as a natural tool for the study of strange attractors.
In their 1951 manuscript entitled Some fixed point theorems, M. L. Cartwright and J. E. Littlewood proved that if the induced map on Caratheodory's prime ends has rational rotation number, then a connected basin boundary of an orientation preserving planar homeomorphism must contain a periodic orbit [CLl, q.
In this note we explore the relationship between aperiodic maps induced on the circle of prime ends and the periodicity, minimality, and decomposability of basin boundaries. Attractors (as frequently defined) serve as connected basin boundaries and one usually requires them to contain dense orbits. The existence of a dense orbit would distinguish an attractor from a union of periodic orbits or other attracting sets. Can t.he map on prime ends, induced from the basin itself, help detect these dense orbits? We construct a basin separating attractor (of a C 1 diffeomorphism) containing no dense orbits which induces pure irrational rotation of both circles of prime ends (Example A). But some minimal attractors (all orbits dense) can induce two Denjoy maps on prime ends (on both sides) which have no dense orbits [Den] (Example E).
Conceptually one imagines the map on the circle of prime ends as the action of the planar homeomorphism on the basin boundary as viewed from the basin.
Precise definitions of key terminology follow. An excellent reference is J. N. Mather's exposition [M] .
Recently, K. Alligood, T. Sauer, and J. Yorke revived the study of prime end dynamics [AS, AY] . They suggest that computer-generated pseudo orbits, near attractors, may be best interpreted in the context of the space of prime ends. In other recent work, M. Barge and R. Gillette prove that under certain conditions a "cobasin boundary," which induces two rational rotation numbers on prime ends with different denominators (in reduced form), must be indecomposable [BG] . Their work is a step towards understanding the relationship between the dynamics of maps on prime ends and the topology of basin boundaries. They resolve a question due to Cartwright and Littlewood concerning the nature of the van der Pol oscillator [CL2, L] .
To our knowledge, two examples exist in the literature of planar homeomorphisms which induce at a basin boundary a homeomorphism on prime ends with irrational rotation number; one has an imbedded circle basin boundary, the other has M. Handel's hereditarily indecomposable pseudo circle [H] . Once more, the purpose of this manuscript is to answer several natural questions concerning induced homeomorphisms on circles of prime ends which have irrational rotation numbers. To simplify their precise statements, when a basin boundary separates two basins and is the boundary of each, we will refer to it as a cobasin boundary. We answer by example these questions: If the homeomorphism on prime ends is conjugate to pure irrational rotation (Le., is minimal), must the action of the planar homeomorphism on the basin boundary be transitive, that is, must it contain a dense orbit? We ask the analogous question about cobasin boundaries. If the homeomorphism on the circle of prime ends has irrational rotation number can a basin boundary contain periodic orbits? If a cobasin boundary induces two conjugate pure irrational rotations as maps on prime ends must the boundary be either a circle or a pseudo circle? G. D. Birkhoff constructed a cobasin boundary in an annular twist map which induced two nonconjugate homeomorphisms on prime ends [Bi] . The cobasin boundary was indecomposable; it could not be decomposed into the union of two proper compact connected subsets. Recently M. Barge and R. Gillette proved that if a cobasin boundary contains two periodic orbits with relatively prime periods but no fixed points, it must be indecomposable [BG] . It is natural to ask, must cobasin boundaries which induce nonconjugate prime end maps be indecomposable or contain indecomposable compact connected subsets?
These first questions concern what dynamics on the basin boundaries are forced by certain dynamics on the circle of prime ends. Reversing the logic, must minimal cobasin boundaries induce minimal homeomorphisms on prime ends?
We now list five examples which answer each of these questions in the negative. Included is a theorem concerning allowable pairs of induced circle homeomorphisms on prime ends for basin separating boundaries (which need not be cobasin boundaries). We make two conjectures. Example A. We construct a C l diffeomorphism with a basin separating boundary, A, containing no dense orbits which induces conjugate irrational rotations on the two circles of prime ends. This example may be "wedged open" producing a cobasin boundary containing no dense orbits which induces two maps on circles of prime ends, one pure irrational rotation, the other Denjoy having the same irrational rotation number [Den] . In both cases the boundary is hereditarily decomposable.
Example B. There exists a C l planar diffeomorphism with a basin separating boundary containing periodic orbits which has a Denjoy induced map on prime ends. Example C. There exists a planar homeomorphism with an hereditarily decomposable circularly chainable cobasin boundary which induces two minimal homeomorphisms on prime ends, but which is not a circle.
Example D. Next, we construct a C l planar diffeomorphism with a transitive cobasin boundary (dense orbit) which induces two nontransitive Denjoy homeomorphisms on the circles of prime ends.
Example E. Relying on the techniques exhibited in Examples C and D we construct a planar homeomorphism with a minimal cobasin boundary (every orbit dense) which induces two Denjoy homeomorphisms on the circles of prime ends (no dense orbits). are connected basins, VI n V 2 = 0, and A = 8 VI = 8 V 2 , then A will be called a cobasin boundary. Throughout, basin boundaries will be compact and connected.
Let Q(F) denote the points of F which do not wander or are nonwandering. We call a circle homeomorphism F Denjoy-like if F has no periodic points and Q(F) C Sl is a Cantor set [Dev] . Let F be a lift of F to the universal covering space R. p(F) is the rotation number of F , where
This well-defined real number is independent of the choice of lift. All Denjoylike circle homeomorphisms have irrational rotation numbers.
A compact connected metric space is called a continuum. One is decomposable if it can be written as the union of two proper subcontinua; otherwise, it is indecomposable. (For example, on a compact 2-manifold, the closure of the unstable manifold of a hyperbolic saddle point which contains a transverse homoclinic point is an indecomposable continuum.) If every subcontinuum is decomposable it is called hereditarily decomposable. If every subcontinuum is indecomposable, it is hereditarily indecomposable (for example, the pseudo circle). A continuum A is circularly chainable if for every e > 0, there is a projection of A onto the circle such that all point-inverses have diameter less than e.
Prime ends. We now define the prime ends of basin boundaries, A = 8 V C R2 .
Our notation follows that of J. Mather [M] . Let {~ :J JS :J ... } be a chain of open, connected subsets of V such that, (a) 8~ i= 0 and is connected, for 
PROOF OF THE THEOREM AND EXAMPLE B
To familiarize the reader with the various concepts and terminology used, we start with the proof of the theorem. Example B follows immediately. We proceed to the construction of Examples C and D which introduce the reader to some of the techniques used in the construction of Examples A and E. Several of the arguments make use of various well-known lemmas from the theory of circle homeomorphisms (see for example Z. Nitecki [Ni] , and R. Devaney [Dev] ).
Proof of the theorem. Let 1; = 1; = rotation by an irrational on SI. Let F(r, 0) = (vir, 1; (0)). Then A = {r = 1} separates the two negative basins of attraction {r> 1} for (0, 0) and {r < 1} for 00. Fo induces (maps conjugate to) 1; on both circles of prIme ends. Smooth F near (0, 0) without disturbing these properties.
Next assume 1; is any circle homeomorphism and that 1; is Denjoy-like. Because every circle homeomorphism has a C 1 conjugate, we assume 1; and 1; These prime ends are mapped about the circle of prime ends by J;. All other prime ends of U 2 wander. Since for Denjoy-like homeomorphisms, the map on the nonwandering set determines its conjugacy class, the induced map on prime ends, corresponding to U 2 , is J; (or its conjugacy class). Now assume 1; is any C l circle diffeomorphism, that p(J;) E Q, but We form the cobasin boundary A by radially adding together infinitely many irrationally rotated and radially rescaled copies of the Warsaw circle Ao [K] (see Figure 3) .
W. H. Gottschalk and G. A. Hedlund [GH] constructed the same continuum which supports a minimal homeomorphism. We now take care to extend a similar homeomorphism on A to the plane.
To ease the radial addition computations, we make the construction on RXSI in (r, O)-coordinates. Let 
1(0) = {(r, e)lrE n'foo nrh-l(~;nf-nw)}.
Then A = 1(0) (see Figure 4) . We leave to the reader to verify the following five technical lemmas which have straightforward proofs. 
FIGURE 4
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Lemma 3. If a < fJ then I(a) n l(fJ) = 0 and llr [R(O) n I(a)] < llr [R(O) 
The next collection of maps, {Si: R x S' ~ R}, sum to the radial coordinate: any n E Z. In turn, near qo there exist points on the same ray as qo within U+ , and also within U-. 0
The key to showing that F is injective is the following:
n 7r(J P + w .
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Lemma 10. F is injective. Proof. We do the case P, q E A, P I q, and 7r( A can be projected with small diameter point inverses onto a similar radial sum of "near Warsaw circles" which are true circles. These circles are identical to Warsaw circles except near the limit bar they "jump across." A precise argument along these lines concludes that A is circularly chainable. Proof. Let H be a subcontinuum of A. Then either 7t(JH = a point, 7t(JH = [a, P] , where la -PI < 27t, or 7t(JH = Sl. In the first case H is a subset of an arc. In the second, let a < y < P and consider HI = 7t; I [a, y] and H2 = 7t;I[y, P]. Then H, HI' and H2 are proper subcontinua of the cobasin A. By Cartwright and Littlewood [CLl] , none may be plane separating. By M. Newman [Ne] [Bel, Be2] R(On(PO) ) by P n and eacl1 R(On(qO) ) by Qn' These two infinite wedges (see Figure 5a ) have the following properties:
(i) aP n and aQn are piecewise linear.
(ii) There exists {an} C {r = I} and {d n } c {r = O} such that aP n n A+ = (1,00) x {7t(Ja n } and aQn nA-= (-00, 0) x {7t(Jd n }.
(iii) There exists {b n }, {cn} C {r = O} and {en}' {k n } C {r = I}, where ICn -bnl < 1/2 n and Ik n -enl < 1/2 n , such that
Let 8 0 P n = anb n U anc n and 8 0 Qn = dne n U dnk n . Then
Now let 11: R x SI :::) be a continuous projection which collapses {P n } and {Qn} to the rays they replaced, preserves radial coordinates, and is a homeomorphism off UnEZ[P n U Qn]' The desired homeomorphism F: R x SI ':J is the identity near {±oo} x Sl and can be written as F = GoH, where H preserves radial coordinates and 11 0 H = f 0 11; G commutes with H, preserves rays off A, is the identity on A, and makes A an attracting set under F. One such G preserves the piecewise linear foliation of Qn' depicted in Figure 5b . As n ----00 , the CO size of [G1Pn -Id] and [G1Qn -Id] goes to zero for all n.
Points on A, except those with radial coordinates equal to 0 or 1, have dense orbits under F on A inherited from f. The two induced maps on prime ends are Denjoy. Briefly, since there are C l Denjoy maps on Sl [Den] , F may be Cl-smoothed to a C l -diffeomorphism.
Example E. In Example C we constructed the "sin 1 / x cobasin boundary" A by irrational rotating and radially summing infinitely many rescaled Warsaw circles. One may instead irrationally rotate and radially sum double Warsaw circles where the two limit bars lie on disjoint orbits. After extension onto the plane by F, this "double sin(1/x) cobasin" A is minimal and induces irrational rotation on both circles of prime ends. As in Example D, wedge open one limit bar orbit from "outside" A, the other limit bar orbit from "inside" A. Compose with a homeomorphism under which points drift towards A and which commutes with the Denjoy rotation. The new cobasin boundary is also minimal but the two maps on prime ends are Denjoy-like, thus not minimal.
EXAMPLE A
The idea of this construction is to attach positive length "hairs" to one side of a circle forming a basin separating the invariant set Ao in such a way that License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Given
Extend 10 onto Sl by lo(x) = 0 if x ~ C. Next let I: Sl -+ [0, 00) be given by
Let Ao = {( r, (J) The induced map on prime ends from the unbounded component of R2 \ A remains conjugate to that of U 2 induced by Fo; it is irrational rotation.
From the bounded component, the induced homeomorphism on prime ends is "countably Denjoy-like." Such circle homeomorphisms are constructed from irrational rotations by the removal of a countable number of pairwise disjoint orbits. These orbits are replaced by a countable number of closed intervals with finite total length. All Denjoy-like homeomorphisms can be made C I . Thus F may be C 1 -smoothed.
